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Summary. The focus of this work is on the possibility of formulating a consistent and unambiguous forward simulation 
model of planar rigid-body mechanical systems with isolated points of intermittent or sustained contact with rigid 
constraining surfaces in the presence of dry friction. The analysis considers paradoxical ambiguities associated with the 
coexistence of sustained contact and one or several alternative forward trajectories that include phases of free-flight motion. 
We revisit the Painlevé paradoxes where sustained contact is possible even if the contact-independent contribution to the 
normal acceleration would cause contact to cease. Here, through taking the infinite-stiffness limit of a compliant contact 
model, the ambiguity in the case of a condition of sustained stick is resolved in favor of sustained contact, whereas the 
ambiguity in the case of a condition of sustained slip is resolved by eliminating the possibility of reaching such a condition 
from an open set of initial conditions. A more significant challenge to the goal of an unambiguous forward simulation model 
is afforded by the discovery of open sets of initial conditions and parameter values associated with the possibility of a left 
accumulation point of impacts or reverse chatter—a transition to free flight through an infinite sequence of impacts with 
impact times accumulating from the right on a limit point and with impact velocities diverging exponentially away from the 
limit point, even where the contact-independent normal acceleration supports sustained contact. In this case, the infinite-
stiffness limit of the compliant formulation establishes that, under a specific set of open conditions, the possibility of reverse 
chatter in the rigid contact model is an irresolvable ambiguity in the forward dynamics based at the terminal point of a phase 
of sustained slip. Indeed, as the existence of a left accumulation point of impacts is associated with a one-parameter family 
of possible forward trajectories, the ambiguity is of infinite multiplicity. The conclusions of the theoretical analysis are 
illustrated and validated through numerical analysis of an example single-rigid-body mechanical model. 

 
Fundamental results 

 
The main achievements of this work (Nordmark et al., 2011) are to show, through taking the infinite stiffness 
limit of a compliant formulation, that within a classical model of rigid contact in the presence of dry friction: 
 

1. There is no ambiguity in the forward dynamics starting from the interior of any set of conditions that 
define sustained motion. Consequently, no spontaneous transitions occur between such motions. 

2. Under certain open conditions on initial conditions and parameters, there is an irresolvable ambiguity 
in the forward dynamics from the terminal point of a condition of sustained slip. This is associated 
with a possible triggered transition to free flight through reverse chatter—a divergent sequence of 
exponentially growing impact velocities. The latter introduces an infinite multiplicity of possible 
forward trajectories associated with a one-parameter indeterminacy. 

 
In order to reach the latter conclusion, a Signorini–Coulomb model is complemented by an energetically 
consistent rigid-body impact law due to Stronge (e.g., Batlle, 1996; Stronge, 2000; Nordmark et al., 2009) 
relating incoming velocities to outgoing velocities during an instantaneous collisional event. Specifically, by 
considering the composition of a brief free-flight phase and an instantaneous impact, the analysis documents 
open sets of initial conditions and parameter values, for which the contact-independent contributions to the 
tangential acceleration over-compensate for normal kinetic energy losses associated with collisional dissipation. 
This is shown to imply the existence of solutions based at initial conditions of zero tangential and normal 
velocity that undergo a transition to free flight through a divergent sequence of exponentially growing impact 
velocities, even with a downwards contact-independent normal acceleration. 
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The Stronge impact law is derived by decomposing the impact phase into distinct trajectory segments of 
positive slip, negative slip, and stick during which the relative normal velocity is either negative (compression) 
or positive (restitution). Within this formulation, the impact phase terminates when the normal work in 

restitution equals 2r  times the normal work in compression, where r  is the energetic coefficient of restitution. 
An alternative formulation, related to the kinetic (Poisson) impact law is to have the impact phase terminate 
when the normal impulse in restitution equals r  times the normal impulse during compression (e.g., Keller, 
1986; Pfeiffer & Glocker, 1996). Although not presented here, such a formulation can be shown to lead to 
identical conclusions on regions of initial conditions and parameter values where reverse chatter can occur in 
the case when 1r  and qualitatively similar conclusions for 1r . 
 
The apparent ambiguity in the Signorini–Coulomb–Stronge model between sustained contact and reverse 
chatter and the one-parameter indeterminacy of the latter disappear when the rigid-contact model is replaced 
with a compliant contact model. For such compliant models, specific initial conditions and parameter values 
give rise to unique forward trajectories with no possibility of accumulation points of impacts. However, as 
shown through an asymptotic analysis in the effective normal compliance, chatter-like behavior again occurs for 
open sets of initial conditions and parameter values (a subset of those found in the rigid-contact model), 
whereas sustained contact results for other open sets. In the zero-compliance rigid limit, the regions of existence 
of these distinctly different dynamic behaviors are squeezed together, making it impossible to assert a unique 
future evolution for the rigid-contact model. The apparent ambiguity in the Signorini–Coulomb–Stronge (or 
Poisson) model is therefore of an essential, irresolvable kind, an existential threat to the analysis of mechanical 
contact using rigid-contact models.  
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(Left panel) Rigorous conditions may be derived for the consistency of friction-induced 
reverse chatter in the Signorini-Coloumb-Stronge rigid-contact model (shaded region) in 
terms of the coefficient of friction (  ), the energetic coefficient of restitution ( r ), the 
contact-independent normal ( b ) and tangential ( a ) accelerations and different values of 

the coupling between tangential and normal degrees of freedom ( 
Nk ). (Right panel) For 

open sets of parameter values, a general class of compliant models also exhibits chatter-
like behavior with variations in the normal contact velocity ( Nv ) in qualitative agreement 

with those predicted by the rigid-body analysis. 


